
Features
The student text includes new features including Biblical 
Perspective of Mathematics, Historical Connections, 
Technology Corner, and Data Analysis that help them to 
appreciate and apply the concepts they learn.

Statistics
A core objective of the course is to teach students to use 
statistics to represent data and make inferences. The student 
edition includes expanded sections covering descriptive and 
inferential statistics.

Solutions
The teacher edition and assessments answer key include step-
by-step solutions for activities, quizzes, tests, and exams.
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Describe the graph of g(x) as a transformation of 
f(x) = ln x.

 33. g(x) = log20 x  34. g(x) =   log    1 __ 3      x
 35. Rewrite the Richter scale formula, R = log    A __   A  0     , in 

terms of natural logs.
 36. The loudness of sound is measured in decibels using 

the equation L = 10 log    I __  I  0      where I is the intensity 
of the sound and I0 is the intensity of sound at the 
threshold of hearing, 10–12 W/m2. Write the ex-
panded form of the equation. Then use the equation 
to find the loudness of a mosquito’s buzz, which has 
an intensity of 10‒8 W/m2.  

 37. A composer must understand which combinations of 
frequencies create a desired sound. 

Use n = 12 log2   (  
  f  2  

 __   f  1    )   (introduced in Example 6) to 

answer the following questions.
 a. A clarinet is playing the F♯ below middle C at a 

frequency of 370 Hz while a flute is playing a note 
at a frequency of 1976 Hz. How many notes above 
the clarinet’s note is the flute’s note?   29 notes

 b. A bassoon is playing a G2 with a frequency of 
98 Hz. What is the frequency of a clarinet playing 
two octaves (24 notes) above the bassoon?   392 Hz

Use the following table to answer questions 38–39.

Substance pH pOH

vinegar 2.2 11.8
tomato 4.5 9.5

milk 6.6 7.4
distilled water 7.0 7.0
baking soda 8.3 5.7

ammonia 11.0 3.0
lye 13.0 1.0

 38. The acidity of a solution is measured on the pH scale 
by pH = –log [H3O+] where [H3O+] represents the 
concentration of hydronium ions (in moles/L).

 a. Which substance listed in the table has 
[H3O+] = 6.3 × 10–12 moles/L?   ammonia

 b. What is the concentration of hydronium ions in 
distilled water?   [H3O+] = 10–7.0 moles/L

 c. What is the concentration of hydronium ions in 
vinegar? Is this more or less than the concentra-
tion of H3O+ in distilled water?   

 d. Approximately how many times greater is [H3O+] 
in baking soda than in lye?   50,000 times greater

 39. The pOH scale quantifies the basicity of a solution 
using pOH = –log [OH–] where [OH–] represents the 
concentration of hydroxide ions (in moles/L). The 
sum of a solution’s pH and pOH is 14.

 a. What is the concentration of hydroxide ions in 
distilled water?   [OH–] = 10–7.0 moles/L

 b. What is the concentration of hydroxide ions in 
vinegar? Is this more or less than [OH–] in dis-
tilled water?

 c. Given that the pH of an unknown substance is 3.7, 
find [OH–].   5.01 × 10–11

 d. Derive an equation relating [H3O+] and [OH–].   
 40. Prove each property of logarithmic functions.
 a. logb    1 __ x    = –logb x  b.   log    1 __ b      x = –logb x

  C. Exercises
 41. Prove the Quotient Property of Logarithms: 

logb    m __ n    = logb m – logb n.
 42. Prove the Power Property of Logarithms: 

logb mp = p logb m. 
 43. Prove the change of base formula: logb x =     log  a   x _____  log  a   b   . 

 44. Explain: Use technology to graph 
f(x) = log (x – 2) – log x and g(x) = log   (  x − 2 ____ x  )  . 
Why are the functions not equivalent?

 25. 2 +    2 __ 3    log x

 26.    3 __ 2    +    1 __ 2    log3 x + log3 y

 27.    1 __ 2    log7 y – log7 x + 2

 28.    1 __ 2    log2 x – log2 y –    7 __ 2   

 38c. [H3O+] = 10–2.2 moles/L 
 ≈ 6.3 × 10–3; more

 39b. [OH–] = 10–11.8 moles/L
  ≈ 1.6 × 10–12 moles/L; less

 39d. [H3O+][OH–] = 10–14

R =    
ln A − ln  A  0  

 _________ ln 10   

 1. log x + 3 log y
 2. ln a + 2 ln b + ln c
 3. ln 7 + 4 ln x
 4. log 3 – 2 log x
 5. 4 ln a – 2 ln b
 6. a log x + b log y – log z
 7.    3 __ 5    log x – log y

 8.    1 __ 3   (2 log a + 5 log b)

 15. 5.6439
 16. 3.2091
 17. 2.1935

 18. 5.6439

 19. 3.8640

 20. 1.8234

 

L = 10 log I + 120; L = 40 dB

 A. Exercises

Expand each logarithmic expression. Assume all vari-
ables are positive values.

 1. log xy3   

 4. log    3 __ 
  x   2 

      

 7. log      
5 √ 
_

   x   3    ____ y   

 2. ln ab2c   

 5. ln     a   4  __ 
 b   2 

      

 8. log    3 √ 
_

  a   2   b   5    

 3. ln 7x4   

 6. log      x   a    y   b  ____ z      

Write each expression as a single logarithm.

 9. log x + 2 log y   log xy2

 10. 4 log x + 2 log 5   log 25x4

 11. 3 ln y – 2 ln 3   
 12. 2 ln x + 3 ln 2 – ln y   

 13.    1 __ 3   (2 log x + log 1000)   

 14.    1 __ 5   (log x + 3 log y) – 2 log 10   

Use common logs to evaluate each logarithm. Round 
answers to the nearest ten thousandth.

 15. log2 50    16. log5 175    17. log8 95.7   

Use natural logs to evaluate each logarithm. Round 
answers to the nearest ten thousandth.

 18. log2 50  19. log4 212    20. log7 34.75   

 B. Exercises

Use log7 2 ≈ 0.3562, log7 3 ≈ 0.5646, and log7 5 ≈ 0.8271 
to find a decimal approximation of each logarithm.

 21. log7    1 __ 2      –0.3562

 23. log7 4900   4.3666

 22. log7 100   2.3666

 24. log7    
5  √ 

_
 6  
 _____ 7      0.2875

Expand each logarithmic expression. Assume all vari-
ables are positive values.

 25. log 100    
3 √ 
_

   x   2    

 27. log7    
49  √ 

_
 y  
 _____ x   

 26. log3    √ 
_

 27x  y   2    

 28. log2    
 √ 
_

 2x   ____ 16y   
Write each expression as a single logarithm.

 29. x log 3 – 2 log y +    1 __ 3    log z   
 30. x ln 3 + y ln 2 – z ln 3   ln (2y · 3x – z)
 31. ln 2x + 3 ln 4x2 – ln 8x4   ln 16x3

 32. 3 log    3 __ 2    + 2 log 6x – 2 log 3   

Note that   log    1 __ 7      x = –log7 x since Y3 =   log    1 __ 7      x is a reflection of Y2 = log7 x across the x-axis. 
The properties of logarithms and the change of base formula can be used to show that 
when b > 1 (and therefore 0 <    1 __ b    < 1),   log    1 __ b      x = –logb x.

Understanding the properties of logs and the change of base formula enables mathema-
ticians to easily work with mathematical models of natural phenomena.

Example 6 Modeling Frequencies of the Piano

The frequency of a note played by a key on the piano is related to the key’s position on the 
keyboard. The number of notes, n, that one key is above another is modeled by the func-

tion n = 12 log2   (  
 f  2  

 __ 
 f  1  

  )   where f2 is the higher frequency and f1 is the lower frequency.

 a. The note C5 is one octave higher than middle C and has twice its frequency. How many 
notes above middle C is C5?

 b. If middle C has a frequency of 261.63 Hertz (Hz), how many notes above middle C is A4, 
which has a frequency of 440 Hz?

Answer

 a. n = 12 log2   (  
2  f  1  

 ___ 
 f  1  

  )   = 12 log2 2

   = 12(1) = 12 notes

 1. Substitute 2f1 for f2.

 2. Apply the fact that logn n = 1.

 b. n = 12 log2   (  440 ______ 261.63  )  

   =    12 ___ ln  2   ln (  440 ______ 261.63  )   = 9 notes

 1. Substitute the frequencies into the function rule.

 2. Evaluate by applying the change of base formula.

  37

J. S. Bach promoted 
the tuning of musical 
instruments so that 
the ratios of the fre-
quencies of any two 
adjacent notes are 
constant. This method, 
known as equal or even 
temperament, causes the 
frequencies to follow 
a logarithmic spiral.

log     3   x     3 √ 
_

 z   _____ 
  y   2 

   

log    27 ___ 2   x2

log    
  5 √ 
_

 x  y   3   
 ______ 100   

   ln    
  y   3 

 ___ 9   

   ln    8  x   2  ____ y   

   log 10   x     
2 __ 3    

 32. log    (  3 _ 2  )    
3
   + log (6x)2 − log 32 

= log   (  27 _ 8  )  (36  x   2 )   − log 9  

= log    
 (  27 _ 8  )  (36  x   2 ) 

 ________ 9    = log    27 _ 2   x2

 33. log20 x =    ln  x _ ln  20    =    1 _ ln  20    ln x 

  a vertical shrink of f (x) by a factor 
of    1 _ ln  20    ≈ 0.33

 34.   log    1 _ 3      x =    ln x _ 
ln   1 _ 3  

    =    1 _____ 
ln  3   − 1 

    ln x = −    1 _ ln 3    ln x 

  a vertical shrink of f (x) by a factor 
of    1 _ ln 3    ≈ 0.91 reflected across the 
x-axis

 35. R =    
ln  (  A _  A  0    ) 

 _ ln  10    or    
ln  A − ln  A  0  

 _ ln 10   

 36. L = 10 log   (  I _ 
 10   − 12 

  )   
   = 10(log I − log 10−12) 
   = 10(log I + 12 log 10) 
   = 10(log I + 12) 
   = 10 log I + 120

  L = 10 log 10–8 + 120 
   = −80 + 120 = 40 dB

 37a. n = 12 log2   (  1976 _ 370  )   =    12 _ ln 2    ln  (  1976 _ 370  )  
  = 29 notes

 37b. 24 =    12 _ ln 2    ln  (  
 f  2  

 _ 98  )   

2 ln 2 =  ln  (  
 f  2  

 _ 98  )   
2 ln 2 = ln f2 − ln 98 
 2 ln 2 + ln 98 = ln f2 
 ln (22 · 98) = ln f2 
 f2 = 392 Hz

 38a. pH = −log (6.3 × 10−12)  
       ≈ 11.2; ammonia

 38b. −log [H3O+] = 7.0 
   log [H3O+] = −7.0 
          [H3O+] = 10−7.0 moles/L

 38c. −log [H3O+] = 2.2 
   log [H3O+] = −2.2 
          [H3O+] = 10−2.2  
                        ≈ 6.3 × 10−3 moles/L

  10−2.2 > 10−7.0; more
 38d.  baking soda: − log [H3O+] = 8.3 

 [H3O+] = 10−8.3

    lye: −log [H3O+] = 13.0 
 [H3O+] = 10−13.0

      
 [ H  3    O   + ] 

 ______  [ OH   − ]     =     10   − 8.3  _____ 
 10   − 13.0 

    

  ≈ 50,119 or 50,000
 39a.  −log [OH−] = 7.0 

 log [OH−] = −7.0 
 [OH−] = 10−7.0

 39b.  −log [OH−] = 11.8 
 log [OH−] = −11.8

    [OH−] = 10−11.8

    ≈  1.6 × 10−12
  10−11.8 < 10−7.0

 39c. 3.7 + pOH = 14 
 pOH = 10.3 
 10.3 = −log [OH−]

   [OH−] = 10−10.3 ≈ 5.01 × 10−11

 39d.  pH + pOH = 14 
 −log [H3O+] − log [OH−] = 14 
 −(log [H3O+] + log [OH−]) = 14 
 log ([H3O+][OH−]) = −14

   [H3O+][OH−] = 10−14

 40a. y = logb    
1 _ x    (given) 

   = logb x−1 (def. neg. exp.) 
   = −logb x (Power Prop. of Logs)

 40b. y =   log    1 _ b      x (given) 

   =    
 log  a   x

 ______ 
 log  a    b   − 1 

    (change of base) 

   =    
 log  a   x

 _ −  log  a   b    (Power Prop. of Logs) 

   = −   
 log  a   x

 _  log  a   b    
   = −logb x (change of base)

State the rotation formulas that will rotate each general 
quadratic equation to a uv-plane without a uv-term.  [8.4]

 40. −x2 + 2xy − y2 +   √ 
_

 2   x +   √ 
_

 2   y + 144 = 0   

 41. 3x2 − 4  √ 
_

 3   xy + 7y2 + 120 = 0   

 42. Graph (x − 4)2 +    
  ( y − 1)    2 

 _ 25    = 1 and its foci. Then state 
its eccentricity.   [8.2]

State the next three terms of each sequence.   [Algebra]

 43. 5, 10, 15, 20…   25, 30, 35

 44. 4, 16, 64, 256…   1024, 4096, 16,384

 45. Find the first, second, and tenth term of the sequence 
an = 4n.   [Algebra]   a1 = 4, a2 = 8, a10 = 40

 46. Which polar coordinate expression is equivalent to 
the rectangular coordinates   (1, √ 

_
 3  )  ?   [6.4]   D

 A. (1, 30º)
 B. (1, 60º)

 C. (2, 30º)
 D. (2, 60º)

 E. (4, 30º)

 47. Find AB if A =   [ 2  1  4  − 2 ]   and B =   [ 0  − 1  3  1 ]  .   [7.2]   D

 A.   [  2  − 1  12  − 2 ]  

 B.   [  6  0  12  0 ]  

 C.   [  3  − 1  12  − 6 ]  

 D.   [  3  − 1  − 6  − 6 ]  

 E.   [  0  − 1  12  − 2 ]  

 48. Find the domain for the graph of x = t + 1 and 
y = 1 − t2 where t ∈ [−2, 2].   [8.5]   B

 A. x ∈ [−2, 2]
 B. x ∈ [−1, 3]

 C. x ∈ [−3, 1]
 D. x ∈ [0, 4]

 E. x ∈ ℝ

 49. Find the domain for the graph of x = t2 − 3 and 
y = t − 1 where t ∈ [−2, 2].   [8.5]   E

 A. x ∈ [−2, 2]
 B. x ∈ [1, 9]

 C. x ∈ [1, 7]
 D. x ∈ [3, 7]

 E. x ∈ [−3, 1]

CUMULATIVE REVIEW

 1. e = 1; parabola; y = 4
 2. e = 3; hyperbola; x = 9
 3. e = 6; hyperbola; x = −1.5
 4. e = 0.25; ellipse; y = 6
 5. e =    4 _ 3   ; hyperbola; x = −6
 6. e = 3.5; hyperbola; y = −7
 7. e = 0.6; ellipse; x = −    7 _ 3   
 8. e = 2.5; hyperbola; y = −2

 23.       x   2  _ 60    +    
 (y + 2)   2 

 _ 64    = 1

 24.       ( x + 6)    2  _ 16    −    
  y   2 

 _ 20    = 1

 25. x = −    1 _ 8   y2 + 2

 26. y =    1 _ 5   x2 − 1.25

 27.     
  ( y + 9)    2 

 _ 9    −      x   2  _ 72    = 1

 28.      ( x + 4)    2  _ 100    +    
  y   2 

 _ 84    = 1

 30. r =    30.06 (1 − 0. 009   2 )   _____________  1 + 0.009 cos θ   ; ≈ 29.79 AU; ≈ 30.33 AU

 31. r =    1.524 (1 − 0. 093   2 )   _____________  1 +  0.093 cos θ   ; ≈ 1.38 AU; ≈ 1.67 AU

 32. r =    3 _ 1 − sin θ   

 33. r =    4 _ 1 − cos θ   

 34. r =    − 3 _ 
1 −   1 _ 2   cos θ

   

 35. r =    9 _ 4 + 5 sin θ   

36. r2 =    576 _ 
9 − 25  sin   2  θ

   

 40. x =     
√ 

_
 2  u −  √ 

_
 2  v ___________ 2   , y =     

√ 
_

 2  u +  √ 
_

 2  v ___________ 2   

 41. x =     
√ 

_
 3  u − v _ 2   , y =    u +  √ 

_
 3  v _ 2   

Precalculus (2nd Edition)
Give your students a balanced study of the theoretical foun-
dations of Calculus and the practical real-world applications 
of those foundations with this new Precalculus course. Before 
diving into trigonometry and its applications, students will 
review key families of functions. Along the way, special features 
present a biblical perspective of mathematics and its history. 
To complete their foundation for higher mathematics, they will 
study matrices, analytic geometry, and sequences and series. 
Additionally, students will be introduced to descriptive and 
inferential statistics as well as differential and integral calculus.

Course materials include a teacher edition, student edition, 
assessments, and an assessments answer key.

BIBLICAL PERSPECTIVE OF MATHEMATICS

•  •  •

Complex numbers provide an interesting example of the connection between pure mathematical theory and real-world applications. The Swiss mathematician Leon-hard Euler developed complex number theory in the sev-enteenth century as a result of his study of polynomial equations with nonreal solutions. He described these ab-stract solutions as imaginary and represented them using i for  √ 
_

 − 1   . Initially there were no practical applications for this field of mathematics. Even now students ask, “When are we ever going to use this?” Over time, complex num-bers were applied to circuit analysis in electrical engineer-ing, fractal design in geometry, and the theory of quantum mechanics in physics.
The ability of mathematics to accurately model such avariety of real-world applications often baffles modern mathematicians, many of whom believe that math is solely a product of human thought and do not recognize God as the ultimate source of mathematical truth. Mathemati-cians with a biblical worldview should be able to provide a clear explanation. As stated by James Nickel, “The mind of man, with its mathematical capabilities, and the physi-cal world, with its observable mathematical order, cohere because of a common Creator. Einstein’s eternal mystery has a solution. The biblical revelation of the Creator God is the unifying factor that reconciles what is irreconcilable in the humanistic context.”

Conic sections provide another famous example of ab-stract mathematical theory being applied later to solve a practical problem. The ancient Greeks studied conics as early as 350 bc, resulting in its deductive presentation in the work of Apollonius around 200 bc. Archimedes ap-plied conic theory in his development of catapults, delay-ing Rome’s conquest of Syracuse for many years. However, the greatest application of conic section theory did not occur until the early seventeenth century, when Kepler presented his Copernican model of the universe based on elliptical orbits and his three planetary laws. Conic sec-

tions are the basis for studying the parabolic terrestrial motion of projectiles, the elliptical orbits of planets and some comets, and the hyperbolic path of several other celestial bodies. Sir Isaac Newton unified terrestrial and celestial motion with his mathematical description of uni-versal gravitation.
Nikolai Lobachevsky, the nineteenth-century Rus-sian founder of a non-Euclidean geometry, observed that “there is no branch of mathematics, however abstract, which may not someday be applied to the phenomena of the real world.” Interestingly, his non-Euclidean geometry later became the basis for Albert Einstein’s twentieth-cen-tury theory of relativity. Special relativity quickly proved valuable in the new fields of atomic and nuclear physics. Coupled with new mathematical measuring techniques, Einstein’s general relativity has more recently provided explanations for pulsars and black holes. Classic experi-ments involving the sun’s deflection of light and the grav-itational redshift of light have confirmed the accuracy of Einstein’s curved spacetime theory. Modern applications of general relativity involve high-precision measurements of both time and global positioning.

How can it be that mathematics, a product of human thought inde-pendent of experience, is so admirably adapted to the objects of reality?
The eternal mystery of the world is its comprehensibility.

—Albert Einstein

The Utility and Value of Mathematics
Consumers rank comfortable seats and dual climate controls as key features when purchasing a car.After completing this 

section, you will be 
able to
• classify random 

variables as discrete 
or continuous.

• construct probability 
distributions.

• calculate the 
expected value 
(mean) and 
standard deviation 
of a probability 
distribution.

• construct and apply 
binomial probability 
distributions.

11.1 Probability 
Distributions

Frequency distributions were introduced in Chapter 10 as a way to organize data, deter-mine measures of central tendency and variability, and visualize the overall shape of the distribution. This section relates these concepts to the outcomes for the random variable studied in a probability experiment.

 DEFINITIONS
A random variable x represents all possible numerical outcomes of a probability experi-ment. A discrete random variable represents a countable number of outcomes. A continu-ous random variable represents an uncountable number of outcomes within an interval.

The number of classes that a randomly selected student attends during a school day represents a discrete outcome, while the time actually spent at school during that day represents a continuous outcome.

      5 10
x

Classes Attended

986 70 421 3         5 10
x

Time in School

986 70 421 3
Considering whether the data is counted or measured can help distinguish discrete and continuous variables.
Example 1 Classifying a Random Variable

Classify each random variable as discrete or continuous and justify your answer. a. Let x represent the length of newborn babies at birth.
 b. Let x represent the days that it rains in a given week.
Answer
 a. continuous; The value can be any reasonable real number.
 b. discrete; The value is a whole number from 0 to 7.

  1
Different statistical techniques are used to analyze discrete and continuous random vari-ables. This section examines the shape, center, and variability of probability distribu-tions for discrete random variables.

 DEFINITION
A probability distribution for the random variable, x, is a table, graph, or equation that associates each possible value of a random variable, xi, and its probability, P(xi).

Recall that the probability of any event is 0 ≤ P(xi) ≤ 1 and that    ∑ 
i = 1

  
n
  P (  x  i  )    = 1.

Consider the theoretical probability experiment examining the sum when a pair of dice is rolled. The sample space consists of the outcomes {2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12}, but each result is not equally likely. The table listing all the possible results can be used to 

The 1937 publication 
of Harald Cramér’s 
Random Variables and 
Probability Distributions 
was the first book to 
use random variable 
in its title and helped 
standardize the term.

1 2 3 4 5 6
1 2 3 4 5 6 7
2 3 4 5 6 7 8
3 4 5 6 7 8 9
4 5 6 7 8 9 10
5 6 7 8 9 10 11
6 7 8 9 10 11 12

HISTORICAL CONNECTION

NAPIER’S ARTIFICIAL 
NUMBERS

 1. Name the two men most responsible for developing 

logarithms.   

 2. What is prosthaphaeresis?   

 3. What was the subject of Napier’s first published book?   

 4. Why were logarithms so readily accepted and frequently 

utilized for hundreds of years?

 5. Discuss: Referencing Matthew 24:36, evaluate Napier’s 

attempt to decode a mathematical system in Revelation 

to predict the date of Christ’s return. Did he approach his 

study of Revelation appropriately? Why or why not?

Imagine an invention that would allow you to work twice 

as fast as you do now. That would mean two-and-a-half day 

school weeks, a two-year college degree, and twenty-hour 

work weeks!

The logarithms proposed by John Napier seemed almost this 

revolutionary to the mathematicians and astronomers who 

lauded their introduction. Johannes Kepler, who discovered 

laws describing the elliptical orbits of planets, even dedi-

cated one of his published works to Napier in praise of his 

logarithms. Such enthusiasm is understandable, considering 

the tedious and error-prone nature of multiplying, dividing, 

and extracting roots of very large numbers by hand. 

Napier did not “stumble upon” his discovery, but rather set 

out purposefully to ease the burden of calculating products, 

quotients, powers, and roots of large numbers. While de-

veloping his ideas and tables over the course of twenty years, 

Napier initially called his logarithms “artificial numbers” but 

coined the term logarithms from the Greek words logos (ratio) 

and arithmos (number) before publishing his results in 1614.

Rather than thinking in terms of the inverses of exponen-

tial functions, Napier developed logarithms by noting the 

relationship between arithmetic and geometric sequences. In 

fact, the historian Florian Cajori says, “It is one of the greatest 

curiosities of the history of science that Napier constructed 

logarithms before exponents were used.”

Before Napier invented his logarithms, the method of pros-

thaphaeresis was used to convert multiplication to addition 

by means of a trigonometric equation. The Danish astrono-

mer Tycho Brahe and his assistant Paul Wittich simplified calcu-

lations with the formula 2 sin A sin B = cos (A – B) – cos (A + B).

While history remembers Napier for his logarithms, his first 

book, published in 1593, was a commentary titled A Plaine 

Discovery of the whole Revelation of Saint John. He believed 

this was his most important work and the one for which he 

would be remembered. Using mathematics and reasoning, 

he constructed a chronology of the events in Revelation and 

predicted that the Second Coming of Christ and the destruc-

tion of the world would occur in 1688. Napier dedicated his 

book to the Scottish ruler King James  VI (who would later 

commission the King James Version of the Bible), but the dedi-

cation was dropped after the king ignored Napier’s encour-

agement to purge the court of ungodly influences. 

The English mathematician Henry Briggs was so fascinated 

by Napier’s logarithms that he made a difficult four-day jour-

ney to meet with him personally in 1615. Briggs and Napier 

eventually agreed that the most useful logarithmic system 

would be based on the powers of ten, where log 10 = 1 and 

log 1 = 0. Due to Napier’s failing health, the completion of the 

resulting logarithmic tables was left to Briggs, who published 

them in 1617. These tables endured as the primary means of 

calculation for more than three and a half centuries until they 

and calculating devices that used them (such as slide rules) 

were replaced by computers and handheld calculators.

COMPREHENSION CHECK

11 Inferential Statistics

11.1 Probability Distributions

11.2 Central Limit Theorem

Historical Connection

11.3 Confidence Intervals 

11.4 Hypothesis Testing

Biblical Perspective of Mathematics

11.5 Research Studies

Data Analysis

HISTORICAL CONNECTION
A theorem from the seventeenth century finds new life and 

expansive applications in the power of twenty-first century 

computing.

BIBLICAL PERSPECTIVE OF MATHEMATICS

As Platonism fell out of favor in the nineteenth century, three 

competing schools of thought emerged in an effort to establish 

a foundation and philosophical approach for mathematics.

DATA ANALYSIS
Internet search engine results owe a lot to a Russian mathema-

tician and his probability experiments of the early twentieth 

century.

Practice Opportunities
The student edition offers additional opportunities for practice 
by including more exercises in each section and chapter 
review. Expanded cumulative reviews in each section also 
include college entrance preparatory questions.
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1.5 TRANSFORMATIONS OF FUNCTIONS  33

 Sample    1nd Proof    2nd Proof    Fin Proof    Final Cor.2    Printer Proof       Date:  9-12-18

A reflection across a coordinate axis produces a mirror image. Notice that a “vertical” 

reflection occurs when the “output” of the function is negated and a “horizontal” reflec-

tion occurs when the “input” of the function is negated.
Reflection in the x-axis Reflection in the y-axisg(x) = −f(x)

g(x) = f(−x)

g(x) = −   √ 
__

 x   

f(x) =   √ 
__
x   

g(x) = √    
__

 −x f(x) =   √ 
__
x   

Example 2 Reflecting and Translating Parent Functions
Describe the transformation of the graph of f(x) that results in the graph of g(x). Then write 

an equation for g(x).

 

a.

 

g(x)

f(x) = x4 

 

b.

 

g(x)

f(x) = 
1
x

Answer

 a. The graph of g(x) is a reflection of f(x) = x4 in the x-axis followed by a translation 3 units up.  ∴ g(x) = −x4 + 3.

 b. The graph of g(x) is a translation of f(x) =    1 __ x    two units to the right followed by a reflection in the x-axis.  ∴ g(x) = −   1 ____ x − 2   .

  13
Translations and reflections are called rigid transformations since they maintain the 

shape of the graph, changing only the graph’s position in the plane. The graph of a func-

tion can also be stretched or shrunk vertically or horizontally. These non-rigid transfor-

mations distort the shape of the graph.

The arches of the Sydney Harbour Bridge can be modeled 
by transformations of the basic quadratic function.

Transformations of Functions
1.5

A family of functions is a group of functions whose graphs share similar characteristics. 

The basic function with the simplest graph within the family is called the parent func-

tion. This section explores several ways that the graph of a parent function can be trans-

formed to acquire the graph of a related function.A translation of the parent function occurs when the graph is shifted horizontally or 

vertically.

Vertical Translation Horizontal Translationg(x) = f(x) + k
g(x) = f(x − h)

g(x) = |x| − 3

g(x) = |x| + 2

f(x) = |x| 

g(x) = (x − 2)3 

g(x) = (x + 3)3 

f(x) = x3 

k units up if k > 0k units down if k < 0 h units right if h > 0h units left if h < 0If g(x) = f(x − h) + k (with h and k ≠ 0), then f(x) has been translated both horizontally 

and vertically.
Example 1 Translating a Parent FunctionGraph g(x) = (x + 1)2 − 2, then state the function’s domain and range.

Answer

g(x) = (x + 1)2 − 2 

f(x) = x2 

 1. Sketch a graph of the parent function f(x) = x2. 2. Since g(x) = f(x − (−1))2 + (−2) with h = −1 and k = −2, slide the graph of the parent function 1 unit left and 2 units down. 3. D = ℝ; R = {y | y ≥ −2}

  11

Imagine texting 
without abbreviations or acronyms! The study of mathematics would be especially difficult without generalized algebraic notation. Much of this notation was not developed until the writings of François Viète were published in the sixteenth century.

After completing this section, you will be able to
• graph rigid 

and non-rigid 
transformations of parent functions.• write function rules for transformations of parent functions.

Additional Exercises
Without graphing, describe each trans- formation of the parent function f (x) = ∣x∣.

 1. g(x) = ∣x + 3∣ + 2
  f (x) shifted 3 units left and 2 units up 2. h(x) = –2∣x∣ – 5

  f (x) reflected across the x-axis, stretched vertically by a factor of 2, and then shifted 5 units down 3. m(x) = 3∣2 – x∣ + 1
  f (x) shifted 2 units left, reflected across the y-axis, stretched vertically by a factor of 3, and then shifted 1 unit upGraph each function as a transformation of a parent function. Then state the func-tion’s domain and range.

 4. f (x) =    1 _ x − 3    + 2

  
 5. f (x) = 3[x] + 1

  
 6. f (x) = –[2x]   

  

graph of g(x) is also a translation of f (x) two units to the left, followed by a reflec-tion in the y-axis. The end of the lesson provides more instruction on combining transformations.
Refer to the illustrations of the non- rigid (stretching and shrinking) transfor-mations. Point out that multiplying the output of a function results in a vertical stretching or shrinking, while multiply-ing the input of a function results in a horizontal stretching or shrinking. Ex-amples 3a and 3b illustrate a vertical and a horizontal stretch, respectively.Combining several transformations can be confusing, especially when com-

bining horizontal transformations, which are performed in an order that is oppo-site the typical order of operations. Care-fully illustrate each transformation in Example 4.
One-on-One Some students may bene-fit from translating the vertex (for even functions) or the point of inflection (for odd functions) first. Once the translation is completed, the student can then com-plete any reflections and dilations.Finally, use Example 5 to discuss how a function rule can be written by inter-preting the graph as a transformation of a parent function.

D = {x ∣ x ≠ 3}
R = {y ∣ y ≠ 2}

D = ℝ
R = {3x + 1 ∣ x ∈ ℤ}

D = ℝ
R = ℤ



Teacher Edition
The teacher edition provides presentation suggestions, motivational ideas, 
and descriptions of common student errors. Reduced student pages with 
overprint answers and step-by-step solutions simplify grading. It also includes 
math-journaling suggestions and additional keyword searches to locate 
interactive activities. In addition to the Lesson Plan Overview, it provides alter-
native minimum and extended tracks with suggested assignments for each 
track that enable customization of lessons.

Student Edition
The student edition thoroughly develops key concepts, providing detailed exam-
ples to promote student comprehension and integrating practical applications. The 
text includes multiple representations of concepts and problems, including alge-
braic, numeric, and graphical representations. The exercise sets provide three levels 
of difficulty to allow differentiated assignments. Each section includes cumulative 
reviews to help with long-term mastery and to prepare students for standardized 
tests and college entrance tests. Students will have the opportunity to use technol-
ogy to explore mathematical concepts in the Technology Corner feature. They will 
learn about the TI-84 Plus family of graphic calculators, the Desmos Internet graph-
ing calculator, and about creating and using their own Excel spreadsheets.

Assessments and Answer Key
The assessment packet includes twelve chapter tests, four quarterly 
exams, and regular quizzes for each chapter. Each assessment is 
carefully coordinated with lesson objectives. The corresponding 
answer key contains answers and step-by-step solutions for quizzes, 
tests, and quarterly exams.
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 1. Describe the graph of g (x) = (x − 3)4 as a transformation of f (x) = x4.f (x) is translated 3 units right.

g(x) = −2(x − 1)2
 2. Write a function rule for the illustrated  transformation of f(x) = x2.

f (x) is translated 1 unit right, reflected  in the y-axis, and vertically stretched  by a factor of 2.

(−3, −6)  3. Find the vertex of f (x) = 2x2 + 12x + 12 and state whether it is a minimum or maximum point. Then graph the function.

y = 2(x2 + 6x +32) + 12 − 2(9) 
y = 2(x2 + 3) 2 − 6

minimum
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Quiz 1A

 1. Use the relation y = 2x − 4 where x = 0, 1, 2, 3, 
and 4 to complete the following.

 a. Express the relation as a set of ordered pairs. 
{(0, −4), (1, −2), (2, 0), (3, 2), (4, 4)}

 b. Graph the relation.

 c. Create a mapping diagram.

 
yes  d. Is the relation a function?

 2. Use the graphed relation to answer the following.
no  a. Is the relation a function?  

It fails the Vertical Line Test.

D = [0, ∞)  b. State the relation’s domain and range using 
interval notation.

 3. State each characteristic of x + 3y = 10.
(10, 0)  a. x-intercept 

x + 3(0) = 10; x = 10

 b. y-intercept 
0 + 3y = 10; y =    10 _ 3   

m = −   1 __ 3    c. slope 
m = −   A _ B    = −    1 _ 3   

  (0,   10 _ 3  )  

R = (−∞, ∞)

 ❯ Exercises
 1. State Euler’s identity and list the fundamental mathe-matical operations used.   
 2. Match each constant in Euler’s identity with its re-lated foundational concept.
 a. 0   
 b. 1   
 c. π   
 d. e   
 e. i   
 3. State the exact sum for each infinite series.
 a. 4 –    4 _ 3    +    4 _ 5    –    4 _ 7    +    4 _ 9    –    4 _ 11    + . . .    
 b. 2 +    1 _ 2    +    1 _ 2 ⋅ 3    +    1 _ 2 ⋅ 3 ⋅ 4    +    1 _ 2 ⋅ 3 ⋅ 4 ⋅ 5    + . . .   
 c. 1 +    1 _ 4    +    1 _ 9    +    1 _ 16    +    1 _ 25    + . . .     
 4. State the sixth term for the golden ratio sequence given in the text. Then state its decimal value rounded to the nearest thousandth.

 5. Solve x2 – x – 1 = 0 using the quadratic formula. Then use a calculator to find a decimal approxima-tion for the golden ratio (rounded to the nearest millionth).   
 6. Which mathematician’s foundational work in apply-ing abstract non-Euclidean theory to physical space led to Einstein’s algebraic relativity formulas?   
 7. State two examples of ancient Greek geometry being later unified with algebraic descriptions.
 8. Discuss: How does the Mandelbrot set illustrate the beautiful unity of complex numbers and fractal geometry?
 9. Discuss: From a biblical perspective, explain why mathematics displays such beautiful unity despite its diverse applications.

 I. additive identity  
 II. complex numbers
 III. multiplicative identity
 IV. natural logarithms
 V. radian measure

The Mandelbrot fractal is a complex plane visualization of the divergent nature of a set of complex numbers.

the theorems of the other three geometries result as spe-cialized theorems of projective geometry. In other words, the contents of all four geometries are now incorporated in one harmonious whole.” Later, Einstein’s algebraic rel-ativity formulas fulfilled Gauss’s vision by applying non-Euclidean geometry to physical space in yet another ex-ample of the beautiful unity of algebra and geometry.
Sets, including geometric sets of points and algebraic sets of numbers, are an essential unifying concept in mathe-matics. Computers use an iterative equation and complex numbers to produce the amazing Mandelbrot set, an in-finitely detailed graph in fractal geometry. Astrophysicist Jason Lisle observed that the fractal’s beautifully organized shapes have been “built into mathematics by the Creator of mathematics.” Zooming in on the different spirals sur-rounding the original Mandelbrot set reveals miniature “baby” versions similar to the original. Mathematicians have described portions of the graph with names such as seahorse valley, triple spiral valley, elephant valley, and 

scepter valley. Analyzing the stems, branches, and bulbs of the Mandelbrot set results in common natural number se-quences, including the Fibonacci sequence!

I 
III 
V
IV
II

π

e

     π   2  _ 6   
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Suggested Teaching Schedule

 P1    P2    P3/Final    P4/Outsource Errors    P5/addt'l    P6/addt'l       Date:  02-20-19

2 Radical, Polynomial, 
and Rational Functions

2.1 Radical Functions and Equations
2.2 Polynomial Functions
2.3 The Remainder and Factor 

Theorems
 Historical Connection
2.4 Zeros of Polynomial Functions
 Biblical Perspective of 

Mathematics
2.5 Rational Functions
2.6 Solving Rational Equations
2.7 Nonlinear Inequalities
 Data Analysis

HISTORICAL CONNECTION
During the Middle Ages, interest in using algebraic techniques 
to solve problems in science, commerce, and finance flour-
ished. Gutenberg’s printing press (ca. 1440) led to the prolifer-
ation of mathematical texts. This encouraged the adoption and 
standardization of symbolic notation, a key development in the 
study of functions.

BIBLICAL PERSPECTIVE OF MATHEMATICS
Do mathematical laws evidence the divine nature of God? 
Are attributes of God found in simple arithmetical truths?

DATA ANALYSIS
Mathematicians analyze the key characteristics of functions 
that model raw data, enabling informed predictions and deci-
sions to be made. You will learn how to find zeros, asymptotes, 
point discontinuities, end behavior, and relative minimum and 
maximum points of several types of nonlinear functions.

DAY

1 2.1
2 2.2

3 TC:  Discontinuites 
Quiz 2A (2.1–2.2) 

4 2.3; HC: Symbols 
5−6 2.4

7 Quiz 2B (2.3–2.4)  
BPM: Math’s Divine Nature

DAY

8 2.5
9 2.6

10−11 2.7; Quiz 2C (2.5–2.6)

12 DA: The Housing Market 
Quiz 2D (2.7)

13 Chapter 2 Review
14 Chapter 2 Test

Overview
Radical, polynomial, and rational func-
tions play an important role in modeling, 
engineering, predicting, and problem 
solving. In this chapter the students 
will analyze the characteristics of these 
functions, including their end behaviors, 
zeros, extrema, and discontinuities.
The Technology Corner examines some 
of the limitations and interpretations 
of discontinuities and asymptotes on 
graphing calculators.

Chapter Objectives
 1. To graph basic radical, polynomial, 

and rational functions and their re-
flections, translations, and dilations

 2. To describe key characteristics of 
more advanced algebraic functions 
including domain, range, intercepts, 
symmetry, end behavior, continu-
ity, and increasing or decreasing 
intervals

 3. To solve radical, polynomial, and 
rational equations

 4. To use advanced algebraic functions 
to model real-world data and solve 
problems

 5. To solve nonlinear inequalities in 
one variable

 6. To explain how the belief in a triune 
God contributed to the development 
of the concept of functions

Flash
The average home price in the United 
States is more than $200,000. Data anal-
ysis can provide insight into one of the 
biggest financial investments in a per-
son’s life.
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minor corrections

Since f (x) = x4 is an even function and does not pass the Horizontal Line Test, its in-verse is not a function unless the function’s domain is restricted. When the domain of 
f (x) = x4 is restricted to Df = [0, ∞), its inverse function is h(x) =    4 √ 

_
 x    =    x     

1 _ 4    .
Notice the first-quadrant shapes of the illustrated parent power functions of the form f (x) = xn. The functions all contain the point (1, 1). When n > 0,    lim  

x→ 0   + 
    xn = 0 and    lim  x→∞    xn = ∞;

but when n < 0,    lim  
x→ 0   + 

    xn = ∞ and    lim  x→∞    xn = 0. When n is a rational exponent, such as
   x     

p _ r     where    p _ r    is simplified, f (x) =    r √ 
_

   x   p    . The radical function f (x)  =     x     
p _ r     is restricted to 

D = [0, ∞) when r is even. The shape of the remaining portion of each graph will be explored in exercise 9.
Many radical functions can be graphed by transforming a parent function of the form 
f (x) =    r √ 

_
   x   p    .

Example 2 Graphing the Transformation of a Radical Function
Use transformations of a parent radical function to graph g(x) = 4 –   √ 

_
 x + 3   . Then state its domain and range.

Answer

 1. Rewrite the function g(x) = –  √ 
_

 x + 3    + 4.
 2. Sketch a graph of the parent function f (x) =   √ 

_
 x   .

 3. Translate the graph 3 units left.
 4. Reflect the graph in the x-axis and translate the graph 

4 units up.

x + 3 ≥ 0; x ≥ –3; 
D = [–3, ∞); R = (–∞, 4]

 5. The radicand of an even root cannot be negative.
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Note also that the inverse of f (x) =    x     
p _ r     is g(x) =    x     

r _ p     with any necessary restrictions on the domains.

Example 3 Finding and Graphing the Inverse of a Radical Function
Find the inverse function of f (x) = –  √ 

_
 x − 1   . Then graph f (x) and f  –1(x).

Answer

y = –  √ 
_

 x − 1   
D = [1, ∞); R = (–∞, 0]

 1. State the function’s domain and range.

x = –  √ 
_

 y − 1   
x2 =    (−  √ 

_
 y − 1  )    

2
  

x2 = y – 1
 y = x2 + 1

 2. Find the inverse by switching the variables and solving for y. 
Recall that squaring both sides eliminates the radical.

f  –1(x) = x2 + 1; D = (–∞, 0]  3. Use the range of f (x) to restrict the domain of the parabola, 
y = x2 + 1, so that the function is the inverse.

y = xn

n = 1

n < 0

0 < n < 1

n > 1

(1, 1)

CONTINUED ➥

An athlete’s hang time is a function of the height of the jump.

2.1

After completing this 
section, you will be 
able to
• graph a radical 

function and 
describe its key 
characteristics.

• relate radical 
functions and their 
inverse power 
functions.

• solve radical 
equations.

Power functions with integral exponents were examined in Section 1.4. Recall that the 
radical expression    r √ 

_
 x    can also be written as a power with a rational exponent,    x     

1 _ r    . There-fore, a function of the form f (x) = k   r √ 
_

 x    is a power function with a fractional exponent.

 DEFINITION
A radical function contains a radical expression with the independent variable in the radicand.

One of the simplest radical functions is the square root func-
tion, f (x) =   √ 

_
 x    or f (x) =    x     

1 _ 2    . The domain is restricted to [0, ∞) 
since negative values for x result in imaginary values for y. The 
range is also [0, ∞) since the notation indicates the principal 
(or positive) square root. The function is continuous and in-
creasing over its domain.

Example 1 Analyzing Radical Functions
Use technology to graph each radical function. State its domain and range and then de-termine the intervals in which the function is increasing or decreasing. Then state whether the function is continuous or discontinuous and whether it is odd, even, or neither.
 a. g(x) =    3 √ 

_
 x    b. h(x) =    4 √ 

_
 x   

Answer

 

a.

 

28      8

5

25  

b.

 

28      8

5

25

  D = ℝ; R = ℝ
increasing: ℝ
continuous; odd

  D = [0, ∞); R = [0, ∞)
increasing: [0, ∞)
continuous; neither

  3

The graph of g(x) =    3 √ 
_

 x    =    x     
1 __ 3     in Example 1a suggests that g(x) is the inverse function of 

f (x) = x3. This can be verified by showing that f (g(x)) =    (  x     
1 _ 3   )    

3

   = x and g(f (x)) =    (  x   3 )    
  1 __ 3  
   = x.

Radical Functions 
and Equations

Fractional exponents 
were first used by Nicole 
Oresme in the fourteenth 
century. He expressed 

  2   
  1 __ 2  
   as    1 _ 2    2P and   4   

  3 __ 2  
   as   |1 p   1 _ 2  |  4 .

28      8

5

25

PRESENTATION
Lesson Opener

Solve for x.
 1.   √ 

_
 2x    = 16   128

 2.   √ 
_

 x + 5    = 20   395
Solve for y.
 3. x =   √ 

_
 y − 8      y = x2 + 8

 4. x = y2 + 3   y = ±  √ 
_

 x − 3   

 5. x =     y   2  − 4 _ 4    − 1   y = ±2  √ 
_

 x + 2   
Present the definition of a radical func-
tion, stressing that the independent vari-
able must be in the radicand. Consider ex-
plaining why an equation such as y =   √ 

_
 5   x 

is not a radical function. Point out that 
radical expressions can also be written as 
exponential expressions, and that radical 
functions are therefore a subset of power 
functions.

Use the radical functions in Example 1 
to analyze the characteristics of basic 
radical functions involving even and odd 
roots. These can be entered on a graphing 
calculator using the    

x
 √ 
_
     option under  �, 

or as a rational exponent. Be sure fraction- 
al exponents are in parentheses.

Note that g(x) =   x     
1 _ 3     is the inverse func-

tion of f (x) = x3 and that the functions 
will “undo” each other. This can be il-
lustrated using f (3) = 27 and g(27) = 3. 

Emphasize that the rule for the inverse of  
f (x) =    r √ 

_
 x    must include a restricted do-

main.
Use the graph preceding Example 2 to 

discuss the first quadrant characteristics 
of basic power functions with various 
exponents. Stress that a radical function 
with an even root (or a rational exponent 
with an even denominator) will have a 
limited domain since the even root of a 
negative number is a complex number 
and cannot be graphed in the coordinate 
plane.
Interactive Activity Consider explor-
ing exercise 9 together by projecting the 
graphs and discussing characteristics 
of specific radical functions. Dynamic 

2.1  Radical Functions and 
Equations

Objectives
 1. To graph and describe the key char-

acteristics of a radical function
 2. To interpret a radical function as a 

power function with a rational ex-
ponent and as the inverse of a power 
function

 3. To solve radical equations

Vocabulary
extraneous root 
radical equation 
radical function

Reading and Writing  
Mathematics
Explain why   x     

2 _ 3     = 16 has two solutions 
but   x     

3 _ 2     = 8 has one solution.
Fractional powers do not indicate the prin-

cipal root. So    ( x     
2 _ 3   )    

  3 _ 2  
   =   16     

3 _ 2     = x = (±4)3 = ±64. 

However,    ( x     
3 _ 2   )    

  2 _ 3  
   =   8     

2 _ 3     = 22 = 4.

Additional Exercises
Figures for Additional Exercises through- 
out the chapter can be found at Teacher 
ToolsOnline.com.

After completing this 
section, you will be 
able to
• state and verify the 

fundamental trig 
identities.

• use identities to 
evaluate other trig 
functions.

• simplify and rewrite 
trig expressions.

Identities can be used to simplify trigonometric equations that represent 
voltages across capacitors in an AC generator.

Fundamental 
Identities5.1

The majority of equations encountered in mathematics are conditional equations, equa-
tions that are true only for certain values of the variable. Solving a conditional equation, 
such as 5x + 3 = 13, involves finding its solution(s), any value of the variable for which 
the equation is true. Occasionally we encounter false equations, such as x + 3 = x – 2, 
that have no solutions. Other equations, such as x0 = 1 or (a + b)2 = a2 + 2ab + b2, are 
true for all values of the variables for which the expressions on each side of the equal sign 
are defined.

 DEFINITION
An identity is an equation that is true for all values in the domain of the variable.

Just like theorems in geometry, identities need to be proved before they are accepted 
as true. In this chapter, you will learn how to use fundamental trigonometric identities 
to evaluate trigonometric functions, simplify trigonometric expressions, develop other 
identities, and solve trigonometric equations.

You already know several trigonometric identities that follow directly from the defini-
tions of trigonometric functions.

Reciprocal Identities Quotient Identities

csc θ =    1 _ sin θ    sec θ =    1 _ cos θ    cot θ =    1 _ tan θ    tan θ =    sin θ _ cos θ   

sin θ =    1 _ csc θ   cos θ =    1 _ sec θ   tan θ =    1 _ cot θ   cot θ =    cos θ _ sin θ   

The first reciprocal identity can be verified using the definitions sin θ =    y _ r    and csc θ =    r _ y   .

    1 _ sin θ    =    1 __ 
  y _ r  

    =    r _ y    = csc θ

The other reciprocal identities and quotient identities can be similarly proven.

Several other basic trigonometric identities are derived using the Pythagorean Theorem.
 x2 + y2 = r 2 Pythagorean Th eorem

      x   2  _ 
 r   2 

    +      y   2  _ 
 r   2 

    =     r   2  _ 
 r   2 

    Divide each term by r2.

    (  x _ r  )    2   +    (  y _ r  )    
2
   = 1 Simplify.

 cos2 θ + sin2 θ = 1 Substitute using the defi nitions of sine and cosine.

Two other versions of this basic Pythagorean identity can also be derived by dividing 
each term by either sin2 θ or cos2 θ.

y
r

x

θ

P (x, y)

TIP

Powers of trig func-
tions such as (sin θ)2 

are notated as sin2 θ.

Cereal

12.5 oz

yx + ux2 + mx + mx3 + ex

10 + 3x

8 + 2x

2 + x


